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Ray scattering by an arbitrarily oriented
spheroid. I. Diffraction and specular reflection
James A. Lock
Diffraction and reflection of an arbitrarily polarized plane wave by an arbitrarily oriented spheroid in
the short-wavelength limit are considered in the context of ray theory. A closed-form solution for both
diffraction and reflection is obtained, and the polarization character of the diffracted plus reflected
electric field is obtained. It is found that the magnitude of the reflected electric field is multivalued for
forward scattering. This is interpreted in terms of the variation of the spheroid’s Gaussian curvature
at the points where grazing ray incidence occurs.
1. Introduction
The mathematical solution of the electromagnetic
boundary-value problem of a plane wave scattered
by a dielectric sphere has long been known,1–3 and
stable computer programs for calculating the far-
zone scattered intensity are widely available.4,5
Much progress has been made on the related electro-
magnetic boundary-value problem of a plane wave
scattered by an arbitrarily oriented dielectric spher-
oid. The plane-wave–spheroid problem has been
solved exactly with the method of separation of
variables by the use of radial and angular spheroidal
wave functions,6–8 with the extended boundary-
condition method otherwise known as the T-matrix
method,9,10 and with the boundary-condition-match-
ing method.11 A computer program for calculating
spheroid scattering is also widely available.10 But
certain computational problems still remain.
In each of the three exact methods for solving the
plane-wave–spheroid problem, the incident, scat-
tered, and interior waves are expanded in an infinite
series of partial waves. Imposition of the boundary
conditions at the spheroid surface generates an
infinite system of linear equations that must be
truncated and then solved by the use of matrix
inversion. The unknowns in this system of equa-
tions are the partial-wave interior amplitudes and
scattering amplitudes. In the method of Refs. 6–8
the elements of the coefficient matrix are integrals of
functions derived from the angular spheroidal wave
functions and must be evaluated numerically. In
the methods of Refs. 9–11, the elements of the
coefficient matrix are integrals of functions derived
from vector spherical harmonics and must also be
evaluated numerically. In each of the three meth-
ods, the inversion of the coefficient matrix becomes
numerically ill conditioned for large spheroid-size
parameters and large spheroid eccentricities.7,11,12
This ill conditioning effectively limits the utility of
the exact solution methods to spheroid-size param-
eters less than approximately 35.
For large spheroid-size parameters there are a
number of approximate methods for calculating the
far-zone scattered intensity. These include the
physical optics model,13–15 the eikonal method other-
wise known as anomalous diffraction,12,16–18 the geo-
metric theory of diffraction,19 catastrophe optics
methods,20 and ray theory. Each of these approxi-
mate methods is successful in describing certain
features of the far-zone scattered intensity. In the
physical optics model, Maxwell’s equations are com-
bined to obtain the electric field at any point exterior
to the spheroid in terms of an integral of the fields on
the spheroid surface. The surface fields in turn are
evaluated approximately with flux conservation,
Snell’s law, and the Fresnel coefficients for reflection
and transmission of light rays undergoing multiple
internal reflections inside the spheroid. The physi-
cal optics model has the advantage that it is reason-
ably accurate over the entire range of scattering
angles. But it has the disadvantage that to date,
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calculations have been limited to only two spheroid
orientations and to size parameters less than 30.
The eikonal method assumes that the plane wave
is transmitted through the spheroid without refrac-
tion at its surface. The spheroid produces only a
position-dependent phase delay of the transmitted
wave front. The transmitted electric field in the
spheroid’s exit plane is then Fraunhofer diffracted
into the far zone. The specular-reflection surface
waves are also included in an approximate way.
For scattering by a sphere,16–18 the eikonal model
gives accurate results for scattering angles less than
60°. For scattering by a spheroid,12 this model has
been used primarily to obtain the scattering cross
section. Its disadvantage is that the method cannot
be applied to large angle scattering, and because it is
based on scalar waves, it cannot provide polarization
information. For scattering by a sphere this is not
important because the difference between the two
polarizations is small for scattering in the forward
hemisphere. But spheroid scattering exhibits cross-
polarization effects, which cannot be calculated with
this method.
The geometrical theory of diffraction is limited to
scattering by an impenetrable spheroid because it
includes only reflection, diffraction, and the specular-
reflection surface waves. To date, it has been used
only for a point source on the spheroid major axis
and a plane wave traveling along the spheroid major
axis. The far-zone electric field has been calculated
only for backscattering.
The catastrophe optics method is a generalization
of Airy theory for scattering by a sphere.21,22 For
light rays making one or more internal reflections
within the spheroid, it has been found that the
far-zone rainbow caustics are produced by the coales-
cence of a large number of rays and correspond to a
higher-order optical catastrophe than the rainbow
for sphere scattering.23 In the catastrophe optics
method, the curvature of the wave front exiting the
spheroid in the vicinity of the rainbow scattering
angle is obtained and then Fraunhofer diffracted
into the far zone. The resulting diffraction integral
describes both the optical caustic and the diffraction
structure that surrounds it. Thismethod has proven
to be quite successful in describing the observed
caustic structure of the rainbow for spheroid scatter-
ing.24,25 But it has not been applied to scattering
angles far from the caustic.
For scattering by a sphere in the short-wavelength
limit, ray theory also gives a good approximation to
the far-zone intensity as long as one does not get too
close to the rainbow scattering angles or the forward-
scattering and backscattering glory regions. In par-
ticular, if only Fraunhofer diffraction, reflection, and
transmission are taken into account, good compari-
sons with the results of the exact Lorenz–Mie theory
for plane-wave scattering have been obtained26,27 for
scattering angles as large as 50° and for sphere-size
parameters as small as 30. Ray theory has been
applied to spheroid scattering when the plane wave
is incident along the spheroid major axis.28,29 In
this case the trajectory of a given light ray is confined
to a single plane, thus considerably simplifying the
treatment and eliminating all cross-polarization ef-
fects. Ray theory has also been applied to spheroid
scattering for the purpose of examining the role of
one-internal-reflection rays and two-internal-reflec-
tion rays in rainbow formation when the plane wave
is incident along one of the spheroid minor axes.30–35
In this paper and in a companion paper,36 ray
theory is examined for an arbitrarily polarized plane
wave that is incident upon an arbitrarily oriented
spheroid. The far-zone electric field is derived for
diffraction, reflection, and transmission, thus limit-
ing the applicability of our results to forward-
hemisphere scattering by a transparent spheroid.
Because a closed-form solution is obtained for diffrac-
tion plus reflection, the results should also be an
accurate approximation for scattering by a conduct-
ing spheroid in the short-wavelength limit over the
entire range of scattering angles. Unlike the ei-
konal model or the geometric theory of diffraction,
surface-wave contributions to scattering are not
considered. The Fock transition of the transmitted
electric field in the vicinity of the critical angle for
total internal reflection is not considered either.
But because the polarization vector is tracked, the
cross-polarized scattering contributions to the far-
zone intensity are obtained.
The body of this paper is organized as follows. In
Section 2 the notation is defined and a number of
geometric properties of the arbitrarily oriented spher-
oid are examined. In Subsection 3.A. a general
expression is obtained for the magnitude of the
electric field of either the reflected light rays or the
light rays transmitted after p2 1 internal reflections
with p $ 1. In Subsection 3.B. this result is used to
obtain the magnitude of the reflected electric field in
closed form. In Subsection 3.C. Fraunhofer diffrac-
tion and Babinet’s principle are used to obtain the
magnitude of the diffracted electric field. In Subsec-
tion 3.D., analytic geometry is used to obtain the
phase of the reflected electric field, and in Subsection
3.E. the phase of the diffracted electric field is
obtained. In Subsections 3.F. and 3.G. the polariza-
tion directions of the reflected and the diffracted
electric fields, respectively, are obtained. In Subsec-
tion 3.H. the expressions for the reflected and the
diffracted electric fields are combined. Last, in
Section 4 comments on various properties of the
reflected electric field are presented, and the special
cases of end-on and side-on incidence are examined.
The magnitude, phase, and polarization of the trans-
mitted electric field are derived in the companion
paper.36
2. Spheroid Geometry
Consider a plane wave of wavelength l and angular
frequency v traveling along the positive z axis of an
xyz coordinate system fixed in the laboratory refer-
ence frame. The electric field of the plane wave
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makes an angle x with the positive x axis and is
given by
Einc 5 E01cos xuˆx 1 sin xuˆg2exp1ikz 2 ivt2, 112
where E0 is the incident electric-field strength and
the wave number k is given by
k 5
2p
l
. 122
In ray theory the incident plane wave is equivalent
to a family of parallel light rays traveling in phase
with each other. Each incident ray is characterized
by the lab coordinates x, y. Light is scattered by the
spheroid in the U, F direction referenced with re-
spect to the xyz coordinate axes. The light-scatter-
ing geometry is illustrated in Fig. 1.
Each ray-theory contribution to the far-zone scat-
tered electric field in the U, F direction is of the form
Escattered1U, F2 5
iE0
kR
exp1ikR2 ivt2S1U, F2
3 exp3id1U, F24e1U, F2, 132
where R is the distance from the origin to the
far-zone observer, S1U, F2 is the magnitude of the
electric-field contribution obtained by temporarily
ignoring the Fresnel reflection and transmission
coefficients of the rays as they interact with the
surface of the spheroid, d1U, F2 is the phase of the
electric-field contribution with respect to that of a
suitably chosen reference ray, and e1U, F2 is the
polarization vector of the electric-field contribution
and contains the Fresnel reflection and transmission
coefficients.
Consider a dielectric spheroid of refractive index n
whose surface is given by
x92
a2
1
y92
a2
1
z92
b2
5 1, 142
where x9y9z9 are a set of coordinate axes attached to
the spheroid. This is shown in Fig. 2. The spher-
oid is oriented so that the z9 axis is in the u, f
direction of the xyz lab coordinate system. All
orientations of the spheroid are within the range
0 # u # p@2 and 0 # f , 2p. When u 5 0, the
spheroid major axis is parallel to the incident light
rays. This orientation is called end-on incidence,
and as is shown below, the trajectory of a ray for this
orientation is confined to a single plane. When u 5
p@2, one of the spheroid minor axes is parallel to the
incident light rays. This orientation is called side-on
incidence.
The equation of the spheroid surface in terms of
the lab coordinates,
z21sin
2 u
a2
1
cos2 u
b2 2 1 2z1
1
b2
2
1
a221x cos f 1 y sin f2
3 sin u cos u 1
x2
a2
1cos2 u cos2 f 1 sin2 f2
1
x2
b2
sin2 u cos2 f 1
y2
a2
1cos2 u sin2 f 1 cos2 f2
1
y2
b2
sin2 u sin2 f
1 2xy1
1
b2
2
1
a22sin2 u sin f cos f 5 1, 152
Fig. 1. Laboratory coordinate system xyz and the scattering
angles U, F.
Fig. 2. Coordinate system x9y9z9 attached to the spheroid. The
spheroid has the radius a in the x9 and y9 directions and the radius
b in the z9 direction.
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is complicated. Equation 152 becomes simpler in a
second coordinate system x8y8z8 rotated with respect
to the xyz system by the angle f about the z axis.
The two sets of lab coordinates are related by
x8 5 x cos f 1 y sin f,
y8 5 2x sin f 1 y cos f,
z8 5 z. 162
This rotation puts the z9 major axis of the spheroid
directly above the x8 axis, as is shown in Fig. 3. In
the rotated lab coordinate system, the equation of
the spheroid surface is
zupper8
zlower86 5 wx8 6
ab
A 11 2
x82
A2
2
y82
B22
1@2
, 172
where zlower8 is the surface of the spheroid struck by
the incident light rays, i.e., the lit side, and zupper8 is
the shadowed side, and where
w 5 sin u cos u1b
2 2 a2
A2 2 . 182
For end-on and side-on incidence w 5 0. The quan-
tities A and B in Eq. 172 are given by
A 5 1b2 sin2 u 1 a2 cos2 u21@2, 192
B 5 a 1102
and have the following geometric meaning. The
projection of the arbitrarily oriented spheroid onto
the x8y8 plane is the ellipse
x82
A2
1
y82
B2
5 1. 1112
The quantity A is the radius of the elliptical projec-
tion along the x8 axis and B is the radius along the y8
axis. This ellipse serves as the boundary of the
effective aperture for Fraunhofer diffraction by the
spheroid.
A further simplification for the shape of the spher-
oid surface results from converting the rotated lab-
frame rectangular coordinates x8, y8 to the elliptical
coordinates r8, j8 given by
x8 5 Ar8 cos j8,
y8 5 Br8 sin j8, 1122
where 0 # r8 # 1 and 0 # j8 , 2p. Equation 172 then
becomes
zupper8
zlower86 5 wAr8 cos j8 6
ab
A
11 2 r8221@2. 1132
Instead of being parameterized by the coordinates x,
y, each incident ray may be thought of as being
parameterized by r8, j8. The rays that graze the
edge of the spheroid have r8 5 1.
Last, in Fig. 4 we show the outward normals to the
upper and lower spheroid surfaces. Referencedwith
respect to the rotated lab coordinates x8y8z8, they are
mˆ8 5
1›zlower8›x8 2uˆx81 1
›zlower8
›y8 2uˆy82 uˆz8
31›zlower8›x8 2
2
1 1›zlower8›y8 2
2
1 14
1@2 1142
Fig. 3. Arbitrarily oriented spheroid with respect to the original
and the rotated lab coordinate systems.
Fig. 4. Outward unit normals mˆ8 and nˆ8 on the lit side and the
shadowed side of the spheroid, respectively.
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for the lower-surface normal and
nˆ8 5
2 1›zupper8›x8 2uˆx82 1
›zupper8
›y8 2uˆy81 uˆz8
31›zupper8›x8 2
2
1 1›zupper8›y8 2
2
1 14
1@2 1152
for the upper-surface normal.
A. Flux Conservation and the Magnitude of the Deflected
Electric Field
Consider a thin bundle of incident geometric light
rays centered on the point r8, j8, as is shown in Fig. 5.
The cross-sectional area of the incident bundle is
ABr8dr8dj8, and the power contained in the bundle is
Pinc 5
E02
2µ0c
ABr8dr8dj8, 1162
where µ0 is the permeability of free space and c is the
speed of light. After being deflected by either specu-
lar reflection or transmission following p 2 1 inter-
nal reflections with p $ 1, the incident bundle is
converted into a diverging bundle of outgoing light
rays centered about the scattering angles U, F, as is
shown in Fig. 5. The cross-sectional area of the
outgoing bundle in the far zone is R2D sin Udr8dj8,
where37
D 5 0
›U
›r8
›U
›j8
›F
›r8
›F
›j8
0 . 1172
If the magnitude of the deflected electric field is
Sdeflected1U, F2 as in Eq. 132 and the Fresnel reflection
and transmission coefficients are temporarily ig-
nored, flux conservation for the incident and the
deflected bundles of rays gives
Sdeflected1U, F2 5 1k
2ABr8
D sin U2
1@2
. 1182
In Subsection 3.B., Eq. 1182 is evaluated for specular
reflection by the arbitrarily oriented spheroid.
B. Magnitude of the Reflected Electric Field
The geometry of a light ray specularly reflected by a
spheroid is shown in Fig. 6. The unit wave vector of
the incident ray is
kˆinc 5 uˆz8, 1192
and the unit wave vector of the reflected ray refer-
enced with respect to the rotated lab coordinates
x8y8z8 is37
kˆref 5 kˆinc 2 2mˆ81kˆinc · mˆ82 5 sin U cos1F 2 f2uˆx8
1 sin U sin1F 2 f2uˆy8 1 cos Uuˆz8. 1202
The calculation of the magnitude of the reflected
Fig. 5. Incident and outgoing flux tubes. The incident flux tube
is centered about the point r8, j8 and has the cross-sectional area
ABr8dr8dj8. The outgoing flux tube is centered about the scatter-
ing angles U, F and has the cross-sectional area R2D sin Udr8dj8,
where D is given in Eq. 1172.
Fig. 6. Geometry of the reflected ray. The normal mˆ8 to the
surface at the point of incidence is in the p 2 C, h direction with
respect to the x8y8z8 rotated lab coordinate system. The incident
and reflected unit wave vectors are kˆinc and kˆref, respectively.
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field Sref 1U, F2 proceeds in the following way. First
we use Eq. 1202 to obtain U and F for the outgoing ray
in terms of r8 and j8 for the incoming ray. Next we
invert these expressions to get r8 and j8 in terms of U
and F. We then perform the derivatives in Eq. 1172
to obtain Sref in terms of r8 and j8. Last, we elimi-
nate r8 and j8 from these expressions to obtain Sref in
terms of U and F, which is our desired goal.
As in Fig. 6, let the outward normal mˆ8 to the lit
spheroid surface be in the p 2 C, h direction
referenced with respect to the x8y8z8 rotated lab
coordinate system and define q8 as
q8 5
r8
11 2 r8221@2
1212
or
r8 5
q8
11 1 q8221@2
. 1222
Then from Eq. 1142we have
tan h 5 1›zlower8›y8 2@1
›zlower8
›x8 2
5
ab
AB
q8 sin j8
ab
A2
q8cos j 8 1 w
, 1232
tan21p 2 C2 5 1›zlower8›x8 2
2
1 1›zlower8›y8 2
2
5 1
ab
A2
q8 cos j8 1 w2
2
1 1
ab
AB
q8 sin j82
2
.
1242
Equations 1232 and 1242 can be inverted to give
tan j8 5
B
A
tan C sin h
tan C cos h 2 w
, 1252
q8 5
A2
ab 31
B
A
tanC sinh2
2
1 1tanC cosh 2w224
1@2
.
1262
The angles C and h of the normal to the spheroid
surface are related to the scattering angles U and F
of the reflected ray in the following way. Because
kˆinc, mˆ8, and kˆref lie in a single plane, we have
F 2 f 5 h. 1272
Then evaluating the z8 component of Eq. 1202, we
obtain
cos U 5 1 2 21mˆ · uˆz822 1282
or
U 5 p 2 2C. 1292
By combining Eqs. 1222, 1252–1272, and 1292, we obtain
r8 and j8 in terms of U and F:
In other words, given the direction of a reflected ray,
we know which incident ray it corresponds to.
On the other hand, by combining Eqs. 1212, 1232 and
1242, 1272, and 1292, we obtain U and F in terms of r8
and j8:
U 5 p 2 2 arctan31
ab
A2
q8 cos j8 1 w2
2
1 1abAB q8 sin j82
2
4
1@2
,
F 5 f 1 arctan1
ab
AB
q8 sin j8
ab
A2
q8 cos j8 1 w22 . 1312
We can now use Eq. 1312 to perform the derivatives
required in Eq. 1172 to obtain
Sref 1U, F2 5
kA
2 1
AB
ab 2
11 2 r822
sin2
U
2
. 1322
r82 5
cos2
U
2 31 1 1
B2
A2
2 12sin21F 2 f24 2 w sin U cos1F 2 f2 1 w2 sin2 U2
1 1 1B
2
A2
2 123sin21F 2 f2 1 sin2 U2 cos21F 2 f24 1 1
B4
A4
b2
a2
2
B2
A2
1 w222sin2 U2 2 w sin U cos1F 2 f2
,
tan j8 5
B
A
cos
U
2
sin1F 2 f2
cos
U
2
cos1F 2 f2 2 w sin
U
2
. 1302
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Substituting Eq. 1302 for r8 then gives
Sref 1U, F2 5
kb
2 1
B2
A22@F1U, F2, 1332
where
F1U, F2 5 1 1 1B
2
A2
2 12
3 3sin21F 2 f2 1 sin2 U2 cos21F 2 f24
1 1B
4
A4
b2
a2
2
B2
A2
1 w22
3 sin2
U
2
2 w sin U cos1F 2 f2. 1342
After much algebra, Eqs. 1332 and 1342 reduce to
Equation 1352 is our final result for the magnitude of
the reflected electric field.
C. Magnitude of the Diffracted Electric Field
The method for calculating the diffracted electric
field for the elliptical aperture of Eq. 1112 is given in
Ref. 38. The Fraunhofer diffracted electric field
produced by a plane wave that is incident upon an
elliptical aperture is39
Ediff 1U, F2 5
2ikE0
2pR
exp1ikR 2 ivt2 e
ellipse
dxdy
3 exp32ik1x sin U cos F 1 y sin U sin F24.
1362
Changing to the rotated and scaled lab coordinate
system
x- 5 x8,
y- 5
A
B
y8 1372
converts Eq. 1362 to a circular-aperture Fraunhofer
diffraction integral. After multiplying Eq. 1362 by a
factor of 21 because of Babinet’s principle because
we are interested in diffraction by an obstacle rather
than diffraction by an aperture,40 we obtain
Sdiff 1U, F2 5 1kA22
B
A
3
J15kAU3cos21F 2 f2 1 B
2
A2
sin21F 2 f24
1@2
6
kAU3cos21F 2 f2 1 B
2
A2
sin21F 2 f24
1@2
.
1382
In Eq. 1382we replaced the sinU factor of Eq. 1362 byU
in order to obtain a closer agreement with the results
of Lorenz–Mie theory.40
D. Phase of the Reflected Electric Field
The path of the reference ray is shown in Fig. 7.
It travels along the z axis to the origin as if the
spheroid were absent. It then turns toward the U,
F direction and travels in that direction to the far
zone. The path of the specularly reflected ray in the
U, F direction is also shown in Fig. 7. The path-
length difference between the reflected ray and the
reference ray is calculated between the spheroid
Fig. 7. Trajectories of the reflected ray and the reference ray.
The spheroid entrance plane is UU8, and the spheroid exit plane is
VV8.
Sref 1U, F2 5
kb@2
1 1 1b
2
a2
2 123cos U2 cos1F 2 f2sin u 2 sin
U
2
cos u4
2
. 1352
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entrance and exit planes UU8 and VV8, respectively.
The entrance plane is parallel to the xy plane and
touches the lowermost point of the spheroid zmin8 , 0.
The exit plane is normal to the outgoing reference
ray and intersects it at the point where the reference
ray crosses the spheroid surface. The exit plane is
not necessarily tangent to the spheroid at this point.
If the distances a and b along the reflected ray and
aR and bR along the reference ray are defined as in
Fig. 7, the path-length difference between the re-
flected ray and the reference ray is a 1 b 2 aR 2 bR.
For the arbitrarily oriented spheroid and for an
incident ray parameterized by r8, j8 we have
a 5 aR 1 zlower81r8, j82. 1392
The distance bR is determined by finding the intersec-
tion of the outgoing reference ray,
x8 5 bR sin U cos 1F 2 f2,
y8 5 bR sin U sin 1F 2 f2,
z8 5 bR cos U, 1402
for bR $ 0, with the upper or lower surface of the
spheroid given by Eq. 1132. The result is
bR 5 5 A
2
a2b2
3cos U 2 w sin U cos1F 2 f242 1 sin2 U
3 3cos
21F 2 f2
A2
1
sin21F 2 f2
B2 46
21@2
. 1412
The equation of the plane normal to the line of Eq.
1402 at the value of bR given by Eq. 1412 is then
obtained. The distance b is obtained by finding the
intersection of the reflected ray,
x8 5 Ar8 cos j8 1 b sin U cos1F 2 f2,
y8 5 Br8 sin j8 1 b sin U sin1F 2 f2,
z8 5 zlower81r8, j82 1 b cos U, 1422
for b $ 0 with this plane. The result is
b 5 bR 2 Ar8 cos j8 sin U cos1F 2 f2
2 Br8 sin j8 sin U sin1F 2 f2
2 zlower81r8, j82cos U. 1432
We claim that the phase of the reflected electric
field of Eq. 132 is then
dref 1U, F2 5
2p
l
1a 1 b 2 aR 2 bR2 2
p
2
, 1442
or, when Eqs. 1392 and 1432 are used and Eq. 1302 is
substituted for r8 and j8,
dref 1U, F2 5
2p
l
3zlower8 2 Ar8 cos j8 sin U cos1F 2 f2
2 Br8 sin j8 sin U sin1F 2 f2
2 zlower8 cos U4 2
p
2
5
24pa
l
sin
U
2 51 1 1
b2
a2
2 12
3 3cos U2 cos1F 2 f2sin u
2 sin
U
2
cos u4
2
6
1@2
2
p
2
. 1452
The first term of Eqs. 1442 and 1452 is the optical
path-length difference between the reflected ray and
the reference ray. The term41 2p@2 corresponds to
exp12ip@22 5 2i and serves to cancel the overall
factor of i in the definition of the scattered electric
field in Eq. 132. This is necessary so that the re-
flected electric field at U 5 0° for grazing incidence is
real; i.e., for the transverse electric 1TE2 polarization
the reflected electric field is out of phase by 180° with
the light rays that miss striking the spheroid and
propagate undeflected in the forward direction, and
for the transverse magnetic 1TM2 polarization the
field is in phase with the rays that miss striking the
spheroid.
There is an additional shift of p@2 in the phase of a
geometric light ray each time it participates in a
focusing caustic either inside the dielectric particle
or in the near zone or far zone after being deflected
by it.41 For scattering by a sphere the usual prescrip-
tion for the number of caustic participations given by
van de Hulst is equivalent to the following. For the
ray that is incident along the sphere axis, there is a
focusing contribution to d of 0 for reflection, 2p for
transmission, and 12p 1 12p for p $ 2. For incident
rays progressively farther from the sphere axis, this
extra phase factor shifts by 2p@2 when the scatter-
ing angle passes through the rainbow angle, and it
shifts by 1p@2 each time the scattering angle passes
through either 0° for a forward glory or 180° for a
backscattering glory. For reflection by a spheroid,
there is no interior caustic because the reflected ray
never enters the spheroid. There is no far-zone
caustic because Eq. 1322 never diverges. There is
also no near-zone reflection caustic because of the
convex shape of the lower spheroid surface.42 Thus
for reflection there is no additional contribution to
the phase beyond the result given in Eq. 1452.
E. Phase of the Diffracted Electric Field
By comparing Eq. 132 with Eq. 1362 amended by the
extra factor of 21 because of Babinet’s principle, we
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find that
ddiff 5 0. 1462
F. Polarization of the Reflected Electric Field
The incident electric field of Eq. 112may be written as
Einc 5 E0 exp1ikz 2 ivt2eˆinc, 1472
where the incident-beam polarization vector is
eˆinc 5 cos xuˆx 1 sin xuˆy
5 cos1x 2 f2uˆx8 1 sin1x 2 f2uˆy8. 1482
At the point where the incident ray strikes the lower
spheroid surface, the polarization vector eˆinc may be
decomposed into components in the TE and TM
directions. For the TE polarization 1also called the s
polarization2, the electric field of the incident ray is
parallel to the plane tangent to the spheroid at the
point of incidence. For the TM polarization 1also
called the p polarization2, the magnetic field of the
incident ray is parallel to the tangent plane. The
unit vectors in the TE and TM directions are then
TEˆinc 5
mˆ8 3 kˆinc
sin uinc
5 sin huˆx8 2 cos huˆy8, 1492
TMˆinc 5
kˆinc 3 1mˆ8 3 kˆinc2
sin uinc
5 cos huˆx8 1 sin huˆy8, 1502
respectively. The angle of incidence of the light ray
at the spheroid surface is uinc, and its cosine is given
by
kˆinc · mˆ8 5 cos uinc 5 cos C. 1512
In terms of these new unit vectors, the polarization
vector of the incident ray is
eˆinc 5 cos gTEˆinc 1 sin gTMˆinc, 1522
where
g 5 x 2 F 2
3p
2
. 1532
After specular reflection, the unit vectors in the TE
and TM directions for the outgoing reflected ray are
TEˆref 5
mˆ8 3 kˆref
sin uref
5 sin huˆx8 2 cos huˆy8, 1542
TMˆref 5
kˆref 3 1mˆ8 3 kˆref2
sin uref
5 cos U cos huˆx8
1 cos U sin huˆy8 2 sin Uuˆz8, 1552
respectively, where uref is given by the specular-
reflection law
uinc 5 uref. 1562
The polarization vector of the outgoing reflected ray
is then
eˆref 5 1cos g2rTETEˆref 1 1sin g2rTMTMˆref, 1572
where rTE1uinc2 and rTM1uinc2 are the TE and TM
Fresnel coefficients for reflection, respectively.43
G. Polarization of the Diffracted Electric Field
In this section the polarization of the electric field
diffracted by a sphere is calculated with the Debye
series decomposition of the partial-wave scattering
amplitudes in Lorenz–Mie theory.44 It is then con-
jectured that the diffracted-field polarization for
spheroid scattering is constructed in the same way.
Diffraction by a spherical obstacle is produced by an
interaction of the grazing incident rays with the
sphere surface.40 Consider a grazing incident ray
parameterized by the coordinates rd8 5 1 and jd8,
where 0 # jd8 , 2p. In Subsections 3.B., 3.D., and
3.F., the absence of subscripts for r8 and j8 means
that they describe an incident ray that will be
reflected into the U, F direction. The presence of
the subscript d in this section denotes the coordi-
nates r8 and j8 for an incident ray that will be
diffracted into the U, F direction. The normal to
the sphere surface at a grazing incidence point is
mˆd8sphere 5 cos jd8uˆx8 1 sin jd8uˆy8. 1582
The incident TE and TM unit vectors for diffraction
are then
TEˆidsphere 5 mˆd8sphere 3 kˆinc 5 sin jd8uˆx8 2 cos jd8uˆy8,
1592
TMˆidsphere 5 kˆinc 3 1mˆd8sphere 3 kˆinc2
5 cos jd8uˆx8 1 sin jd8uˆy8. 1602
1For a sphere we take f 5 0 so that the lab x and x8
axes coincide.2 The polarization vector of an inci-
dent ray is then
eˆinc
sphere 5 cos xuˆx8 1 sin xuˆy8
5 cos gdsphereTEˆidsphere 1 sin gdsphereTMˆidsphere,
1612
where
gd
sphere 5 x 2 jd8 2
3p
2
. 1622
In the Debye series expansion of the Lorenz–Mie
partial-wave scattering amplitudes al and bl, the
portion of the amplitudes associated with diffraction
is44
aldiff 5 bldiff 5 1⁄2. 1632
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Substituting this into the Lorenz–Mie expressions
for the scattered electric field in the near-forward
direction, where the angular functions are approxi-
mated by45
pl1U2 < tl1U2 5
l1l 1 12
2
J031l 1 122U4 , 1642
and converting the sum over partial waves into the
integral over an associated impact parameter,46 we
obtain40
Ediffsphere1U, F2 5
iE0
kR
exp1ikR2 ivt2Sdiffsphere
3 1U, F2eˆdiffsphere, 1652
where
Sdiffsphere1U, F2 5 1ka22
J11kaU2
kaU
, 1662
in analogy with Eq. 1382, and where
eˆdiff
sphere 5 cos1F 2 x2uˆU 2 sin1F 2 x2uˆF. 1672
If kˆdiff is the unit wave vector in the direction of the
outgoing diffracted ray, the outgoing diffracted TE
and TM unit vectors are
TEˆfdsphere 5
mˆd8sphere 3 kˆdiff
sin U
5 2uˆF, 1682
TMˆfdsphere 5
kˆdiff 3 1mˆd8sphere 3 kˆdiff2
sin U
5 uˆU, 1692
respectively, giving
eˆdiff
sphere 5 cos gdsphereTEˆfdsphere 1 sin gdsphereTMˆfdsphere.
1702
For scattering by a sphere, Eq. 1702 shows that the
diffracted-field polarization vector eˆdsphere is identical
to the incident-field polarization vector eˆinc, except
that the incident TE and TM unit vectors have been
replaced by the final TE and TM unit vectors. We
may conjecture that for spheroid scattering the
diffracted-field polarization vector is constructed in
the sameway. The details of the construction are as
follows.
For scattering by a spheroid, the unit normal to
the edge of the spheroid at rd8 5 1 is
mˆd8 5 cos hduˆx8 1 sin hduˆy8, 1712
where
tan hd 5
A
B
tan jd8. 1722
The incident TE and TM unit vectors for diffraction
are then given by
TEˆid 5 mˆd8 3 kˆinc 5 sin hduˆx8 2 cos hduˆy8, 1732
TMˆid 5 kˆinc 3 1mˆd8 3 kˆinc2 5 cos hduˆx8 1 sin hduˆy8,
1742
respectively. The polarization vector of the incident
electric field is
eˆinc 5 cos gdTEˆid 1 sin gdTMˆid, 1752
where
gd 5 x 2 f 2 hd 2
3p
2
. 1762
Light rays diffracted by a straight edge fan out in
the plane normal to that edge.47 Also, in the short-
wavelength limit the edge of the spheroid appears
locally straight. Because the normal to the point
1rd8 5 1, jd82 on the spheroid surface makes an angle
hd with the x8 axis of the rotated lab coordinate
system, the scattering angle of F the diffracted ray is
given by
F 2 f 5 hd. 1772
The TE and TM unit vectors for the outgoing dif-
fracted ray are then
TEˆfd 5
mˆd8 3 kˆdiff
sin U
5 sin hduˆx8 2 cos hduˆy8, 1782
TMˆfd 5
kˆdiff 3 1mˆd8 3 kˆdiff2
sin U
5 cos U cos hduˆx8
1 cos U sin hduˆy82 sin U uˆz8, 1792
respectively, and the polarization vector of the dif-
fracted ray becomes
eˆdiff 5 cos gdTEˆfd 1 sin gdTMˆfd, 1802
where gd is given by Eqs. 1762 and 1772 and the unit
vectors are given by Eqs. 1782 and 1792.
H. Diffracted Plus Reflected Electric Field
A comparison of Eqs. 1272 and 1772 shows that the
angle h for the ray reflected in the U, F direction is
identical to the angle hd for the ray diffracted in the
U,F direction even though the coordinates 1r8, j82 and
1rd8, jd82 of the incident rays reflected and diffracted
into the U, F direction are different. As a result,
the TE and TM unit vectors of Eqs. 1542 and 1552 and
1782 and 1792 are identical, and our final expression for
the diffracted plus reflected electric field in ray
20 January 1996 @ Vol. 35, No. 3 @ APPLIED OPTICS 509
theory is then
Ediff1ref 5
iE0
kR
exp1ikR2 ivt253Sref exp1idref2cos grTE
1 Sdiff cos gd4TEˆref 1 3Sref exp1idref2sin grTM
1 Sdiff sin gd4TMˆref6. 1812
In Eq. 1812 Sref is given by Eq. 1352, Sdiff is given by Eq.
1382, dref is given by Eq. 1452, g is given by Eq. 1532, gd is
given by Eqs. 1762 and 1772, and the unit vectors are
given by Eqs. 1542 and 1552.
All the quantities in Eq. 1812 are directly express-
ible in terms of the scattering angles U and F. If
the spheroid is impenetrable, Eq. 1812 represents the
entire scattered field in the ray-theory approximation.
If the spheroid is transparent, however, the transmit-
ted field must be added to this result in order to
describe scattering in the short-wavelength limit in
the near-forward direction accurately. For scatter-
ing by an impenetrable sphere it is known that the
diffraction–reflection interference structure in the
Lorenz–Mie-scattered intensity damps out much
faster as a function of scattering angle than the
ray-theory intensity does.48 This is shown in Fig. 8
and indicates that for large scattering angles the
actual diffracted electric field dies off faster than the
paraxial approximation of Eq. 1662. This more rapid
die off is correctly explained with the complex angu-
lar momentum method.48–51 Although the complex
angular-momentum method produces a marked im-
provement over the results of ray theory for scatter-
ing by a sphere in the short-wavelength limit, it is
our point of view that ray theory provides a sensible
zeroth-order approximation to short-wavelength scat-
tering. This has been shown to be the case for
scattering by a sphere,26,27 and we believe it to be the
case for scattering by a spheroid as well. Ray
theory thus complements the exact methods for
spheroid scattering described in Section 1, because
ray theory is expected to be reasonable beginning at
approximately the spheroid-size parameter at which
the numerical implementation of the exact methods
starts becoming ill conditioned.
4. Discussion
The magnitude of the reflected electric field of Eq.
1352 has a peculiar property. For backscattering
with U 5 180° we have
Sref 1U 5 180°, F2 5
kb@2
1 1 1b
2
a2
2 12cos2 u
, 1822
which is independent of F as it should be. But for
forward scattering with U 5 0° we have
Sref 1U 5 0°, F2 5
kb@2
1 1 1b
2
a2
2 12cos21F 2 f2sin2 u
,
1832
which is multivalued because 0 # F , 2p. This
unconventional behavior is acceptable because the
contribution of forward scattering to the far-zone
reflected power,
Pref 5
E02
2µ0c eU50
p e
F50
2p Sref21U, F2
k2
sin U dUdF, 1842
1a2
1b2
Fig. 8. Scattered intensity in Lorenz–Mie theory and ray theory
for 1a2 the TE polarization and 1b2 the TM polarization as a function
of the scattering angle U for a conducting sphere with the size
parameter 2pa@l 5 50. The diffraction–reflection interference
structure in the Lorenz–Mie intensity damps out much faster
than in the ray-theory intensity. In this figure the incident
intensity is given by I0 5 E02@2µ0c.
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is zero because the solid angle at U 5 0° is vanish-
ingly small because of the sin U factor.
The multivalued nature of Sref 1U 5 0°, F2 can also
be understood on physical grounds. Consider a
point on the spheroid surface such that the normal to
the surface at the point makes an angle S with the
spheroid major axis z9. The principal radii of curva-
ture of the spheroid surface at the point are
r1 5
a2b2
1a2 sin2 S 1 b2 cos2 S23@2
, 1852
r2 5
a2
1a2 sin2 S 1 b2 cos2 S21@2
, 1862
and the Gaussian curvature Kg there is
Kg 5 1r1r2221@2 5
1 1 1b
2
a2
2 12cos2 S
b
. 1872
For the arbitrarily oriented spheroid, the unit vector
in the z9 direction and the normal to the spheroid
surface are related to the scattering angles U, F by
uˆz9 5 sin uuˆx8 1 cos uuˆz8,
mˆ8 5 cos
U
2
cos1F 2 f2uˆx8 1 cos
U
2
sin1F 2 f2
3 uˆy82 sin
U
2
uˆz8, 1882
giving
cos S 5 uˆz9 ? mˆ8
5 cos
U
2
cos1F 2 f2sin u 2 sin
U
2
cos u. 1892
In general the magnitude of the reflected electric
field is related to the Gaussian curvature of the
1a2 1c2
1b2 1d2
Fig. 9 1continued2
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reflecting surface for plane-wave incidence by42
Sref 5
k
2Kg
. 1902
Substitution of Eqs. 1872 and 1892 into Eq. 1902 immedi-
ately gives Eq. 1352. A comparison with Eq. 1452 also
shows that dref is simply related to Kg.
The light rays that are reflected at U 5 0° graze
the edge of the spheroid at the points on its circumfer-
ence that are parameterized by r8 5 1 and 0 # j8 ,
2p. For reflection by a sphere or by a spheroid in
the end-on orientation, all the points of grazing
incidence have the same principal radii of curvature.
As a result Sref 1U 5 0°, F2 is independent of F. But
when the sphere is tilted with u Þ 0°, the principal
radii of curvature are different at different points of
grazing incidence. This gives the F dependence to
the magnitude of the forward-reflected electric field
in Eq. 1832.
As an example of ray theory applied to spheroid
scattering, in Fig. 9 the ray-theory scattered inten-
sity corresponding to Eq. 1812 is graphed as a function
of the scattering angle U in the F 5 0° plane for an
incident plane wave with l 5 0.6328 µm and x 5 0°
striking a conducting spheroid with a 5 5 µm and
variable b@a whose major axis is tilted by a variable
angle u and rotated by f 5 0°. Consider first Figs.
91a2, 91d2, and 91e2 for end-on incidence for a prolate
spheroid, a sphere, and an oblate spheroid, respec-
tively. In each of these cases the projection of the
spheroid onto the xy plane is a circle of radius 5 µm,
giving an identical diffraction contribution. In Fig.
91a2, for b@a 5 10, the lower end of the prolate
spheroid serves as a small target for the incident
rays, leading to weak backscattering. Most of the
rays glancingly strike the long sides of the spheroid,
giving strong forward and near-forward reflection.
In Fig. 91d2, for b@a 5 1, reflection by the sphere is
isotropic, and the ripples in the intensity for 0U 0 *
20° are a result of the alternation between construc-
tive and destructive interference of reflection and
diffraction. In Fig. 91e2 for b@a 5 0.1, the lower flat
platelike surface of the spheroid serves as a large
1e2 1g2
1f2
Fig. 9. Scattered intensity in ray theory for a plane wave with
l 5 0.6328 µm and x 5 0° incident upon a spheroid with a 5 5 µm
as a function of the scattering angle U in the F 5 0° plane. The
spheroid parameters are 1a2 b@a 5 10, u 5 0°, f 5 0°; 1b2 b@a 5 10,
u 5 45°, f 5 0°; 1c2 b@a 5 10, u 5 90°, f 5 0° for a prolate spheroid
being tilted from end-on incidence to side-on incidence; 1d2 b@a5 1,
u 5 0°, f 5 0° for a sphere; and 1e2 b@a 5 0.1, u 5 0°, f 5 0°; 1f 2
b@a 5 0.1, u 5 45°, f 5 0°; 1g2 b@a 5 0.1, u 5 90°, f 5 0° for an
oblate spheroid being tilted from end-on incidence to side-on
incidence. In this figure the incident intensity is given by I0 5
E02@2µ0c.
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target for the incident rays, leading to strong back-
scattering. Relatively few rays strike the edge of
the spheroid, leading to weak near-forward reflec-
tion.
Consider now Figs. 91a2–91c2, which correspond to
tilting the b@a 5 10 prolate spheroid from end-on
incidence to side-on incidence. Because the projec-
tion of the tilted spheroid along the x axis increases
from 5 µm in Fig. 91a2 to 50 µm in Fig. 91c2, the
diffraction peak narrows. More light rays reflect off
of the long thin bottom of the spheroid than from
anywhere else on its surface. This steers the strong
reflected peak from U 5 0° in Fig. 91a2 to U 5 90° in
Fig. 91b2 and to U 5 180° in Fig. 91c2.
Figures 91e2–91g2 correspond to tilting the b@a 5 0.1
oblate spheroid from end-on incidence to side-on
incidence. Because the projection of the titled ob-
late spheroid along the x axis decreases from 5 µm in
Fig. 91e2 to 0.5 µm in Fig. 91g2, the diffraction peak
widens. The strong reflection peak is produced by
rays striking the flat platelike lower surface of the
spheroid. This steers the reflection peak from U 5
180° in Fig. 91e2 to U 5 290° in Fig. 91f 2 and to U 5 0°
in Fig. 91g2. For this geometry there is also a strong
diffraction contribution centered on the reflection
peak because the edge of the highly oblate spheroid
serves as an effective aperture for the reflected
rays.52 This additional diffraction effect has not
been considered in this paper.
One can also examine scattering in the F 5 90°
plane by an prolate spheroid that has a 5 5 µm and
b@a 5 10 and is tilted at u 5 90°, f 5 0°. Scattering
in this plane resembles scattering at normal inci-
dence by a conducting circular cylinder of finite
length. In this orientation, the incident light rays
see the circular cross section of the cylinder. As a
result, the scattered intensity is identical to that of
Fig. 91d2, except that everywhere it is a factor of 102
larger. For b@a: 1 in general, Eq. 1812 can be used
to model scattering by a long conducting fiber.53,54
Similarly, one can examine scattering in the F 5 90°
plane by an oblate spheroid that has a 5 5 µm and
b@a 5 0.1 and is tilted at u 5 90°, f 5 0°. The light
rays that are incident along the y axis reflect from
the circular cross section of the tilted platelike
spheroid. As a result, the scattered intensity is
again identical to that of Fig. 91d2 except that is
everywhere a factor of 102 lower. For b@a 9 1 in
general, Eq. 1812 can be used to model scattering by a
flat conducting circular plate.52,55
Last, the formulas for the reflected and the dif-
fracted electric fields for end-on incidence are exam-
ined, where u 5 0°, f 5 0°, so thatw5 0 in Eq. 182 and
A 5 B 5 a in Eqs. 192 and 1102. The incident rays
travel parallel to the major axis of the spheroid, and
its projection in the xy plane is a circle of radius a.
For this case we have
Sref 1U, F2 5
kb@2
1 1 1b
2
a2
2 12sin2 U2
, 1912
dref 1U, F2 5
24pa
l
sin
U
2
3 31 1 1b
2
a2
2 12sin2 U2 4
1@2
2
p
2
, 1922
Sdiff 1U, F2 5 1ka22
J11kaU2
kaU
. 1932
Both of thesemagnitudes and the reflected phase are
independent of F, illustrating that the scattered
light has the same rotational symmetry as the
spheroid in this orientation. In addition, Eq. 1232
gives h 5 j8 and Eq. 1722 gives hd 5 jd8. This means
that the plane that contains the z axis and a given
incident ray also contains the normals to the spher-
oid surface at the points of incidence for both reflec-
tion and diffraction. Thus for end-on incidence the
trajectory of a given ray is confined to a single plane.
This completes our treatment of the diffraction
plus reflection of an arbitrarily polarized plane wave
by an arbitrarily oriented spheroid in ray theory.
Transmission and the associated issue of cross-
polarization effects are examined in the companion
paper.36
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